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Abstract
We consider an arbitrary U(1) charged matter non-minimally coupled to the
self-dual field in d = 2 + 1. The coupling includes a linear and a rather general
quadratic term in the self-dual field. By using both a Lagragian gauge embedding
and a master action approaches we derive the dual Maxwell Chern-Simons type
model and show the classical equivalence between the two theories. At quantum
level the master action approach in general requires the addition of an awkward
extra term to the Maxwell Chern-Simons type theory. Only in the case of a linear
coupling in the self-dual field the extra term can be dropped and we are able to
establish the quantum equivalence of gauge invariant correlation functions in both
theories.
PACS-No.: 11.15.-q, 11.10.Kk, 11.10.Gh, 11.10.Ef
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1 Introduction
It is very common in physics that due to technical difficulties we are not able to probe, even
at theoretical level, all physical aspects of a given theory. In those cases it is important
to have an equivalent ( dual ) description of the same theory. A classical example is the
dual description of the massive Thirring model in d = 1+1 by means of the massive Sine-
Gordon model [1, 2] (see also [3] and references therein). The strong coupling expansion
in one model corresponds to the usual weak coupling expansion in the other one and vice-
versa. Some nonperturbative features like confinement can also be revealed with the help
of duality as in [4]. In this work we are interested in the specific case of dual descriptions
of a spin one massive particle in d = 2 + 1 (see [5, 6]). This type of duality naturally
appears in the bosonization program in d = 2+1 where fermionic U(1) current correlators
in the massive Thirring model can be equally described by a bosonic spin one massive
field which, for infinitely massive fermions, may be either of self-dual (SD) or Maxwell
Chern-Simons (MCS) type [7, 8, 9, 10, 11, 12].
By means of a master action approach it was shown in [6] that the gauge invariant
sector of the MCS theory is on shell equivalent to the SD theory with the dual map fµ ↔
ǫµνα∂
νAα
m
. The equivalence holds beyond the classical level and includes gauge invariant
correlation functions in the quantum theory as shown in [13]. Although the equivalence
between those free theories is interesting in its own, the most powerful applications of
duality occur in interacting theories. The case of the non-abelian version of a possible
SD/MCS duality is much less trivial and it is still under investigation [14]. Another
possibility to build an interacting theory is to couple the vector fields in SD and MCS
theories to U(1) charged matter fields. Along this direction it has been shown in [15] that
the SD field minimally coupled to U(1) charged massive fermions is dual equivalent to a
MCS gauge field coupled to matter through a Pauli term. Besides, a Thirring term must
be added to assure the equivalence also in the fermionic sector. The demonstration of
[15], which is based on a master action, guarantees the equivalence of the equations of
motion as well as of the partition functions of the dual theories. More recently, in [16]
both cases of U(1) charged fermions and scalar fields minimally coupled to the SD field
have been considered through a Lagrangian gauge embedding procedure. In particular,
the results of [15] have been reproduced at classical level pointing out that the dual map
must include now a contribution from the matter fields as we will see later in this work.
The case of scalar fields minimally coupled to the SD field leads to a MCS theory in a
field dependent medium, a highly nonlinear theory. Once again, the minimal coupling
is replaced by a Pauli term in the dual MCS type theory and a current-current term
2
must be introduced to guarantee equivalence in the scalar sector. Similar applications of
the Lagrangian gauge embedding procedure to produce gauge theories dual to non-gauge
theories have been worked out, for instance in [17, 18]. Only the classical equivalence
has been considered in [16, 17, 18]. In those cases the matter fields are always minimally
coupled to the vector field. Since those vector fields are not gauge fields there is no reason
a priori to use minimal coupling. In other words, it is not clear why should one couple
those fields to a conserved current, as already remarked in [6]. The aim of this work is to
clarify this issue in the literature by assuming a rather general coupling between the self-
dual field and an arbitrary U(1) charged matter. In section 2 we present a simple proof
of on shell equivalence between the corresponding SD and MCS theories non-minimally
coupled to dynamical U(1) matter. The proof is independent of the details of the matter
theory. In section 3 we analyze the equivalence of gauge invariant correlation functions
in the quantum theory and draw some conclusions in section 4.
2 On shell equivalence
2.1 Lagrangian gauge embedding
We start from the Lagrangian of the self-dual field coupled to some U(1) charged matter
fields. Due to the mass term in the SD theory we have no gauge invariance and therefore
we are not constrained to use the minimal coupling condition. The coupling will be rather
general and will contain a linear and a quadratic term in the self-dual field such that the
global U(1) symmetry of the matter theory is preserved, namely
LM+SD = LSD +
U(ϕ, ϕ∗)
2
f νfν − ef
νJ (0)ν + L
U(1)
Matter . (1)
Where we define:
LSD =
m2
2
fµfµ −
m
2
ǫαβγf
α∂βf γ , (2)
L
U(1)
Matter = LKinetic + V (ϕ, ϕ
∗) (3)
The generic notation (ϕ, ϕ∗) represents the matter fields which may be either fermions,
scalars or even complex vector fields. The function of the matter fields U(ϕ, ϕ∗) is positive
and global U(1) invariant, but otherwise arbitrary. Likewise, V (ϕ, ϕ∗) is also assumed to
be an arbitrary and global U(1) invariant function which may include a mass term while
LKinetic represents the purely kinetic terms. The current J
(0)
ν is the U(1) Noether current
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which comes from the free matter theory LKinetic. Minimizing the action we obtain the
equations of motion :
Kν ≡
δS
δf ν
=
(
µ2gνα +mǫναγ∂
γ
)
fα − eJ (0)ν = 0 , (4)
∫
d3x
(
δL
U(1)
Matter − ef
νδJ (0)ν +
δµ2
2
f νfν
)
= 0 . (5)
Where we use the notation:
µ2 = m2 + U(ϕ, ϕ∗) (6)
Dropping the matter fields, it is known [5,6] that LSD is dual to the Lagrangian
LMCS =
m
2
ǫαβγA
α∂βAγ −
1
4
Fµν(A)F
µν(A). (7)
Therefore, one might ask what is the Lagrangian dual to LM+SD. The basic idea is to add
extra terms to (1) such that the new theory is invariant under the gauge transformation
δfν = ∂να ; δϕ = 0 while keeping its equivalence to the old theory. Adapting the procedure
of [16] to our case leads to :
LM+MCS = LM+SD −
1
2µ2
KνKν (8)
It is a simple exercise to check that LM+MCS is invariant under the aforementioned gauge
transformations. Using δKν = µ
2δfν+δµ
2fν−eδJ
(0)
ν +ǫναγ∂
γδfα , after an integration by
parts and a trivial cancellation, we can write down the equations of motion of LM+MCS
in the form :
ǫνγα∂α
(
Kγ
µ2
)
= 0 , (9)
∫
d3x

δLU(1)Matter − e
(
f ν −
Kν
µ2
)
δJ (0)ν +
δµ2
2
(
f ν −
Kν
µ2
)2 = 0 . (10)
From the definition of Kν in (4) we have the identity
−mǫναγ∂
γ
(
Kα
µ2
)
=
(
µ2gνα +mǫναγ∂
γ
)(
fα −
Kα
µ2
)
− eJ (0)ν (11)
Thus, (9) and (10) are equivalent to
(
µ2gνα +mǫναγ∂
γ
)
f˜α − eJ (0)ν = 0 , (12)
4
∫
d3x
(
δL
U(1)
Matter − ef˜
νδJ (0)ν +
δµ2
2
f˜ ν f˜ν
)
= 0 . (13)
which have the same form of the equations of motion of LM+SD, see (4) and (5), with fν
being replaced by :
f˜ν = fν −
Kν
µ2
= −
m
µ2
ǫναγ∂
γfα +
e
µ2
J (0)ν (14)
The equations (12) and (13) are gauge invariant as a consequence of the gauge invariance
of f˜ν . Solving (12) for f˜ν = f˜ν(ϕ, ϕ
∗) and plugging back in (13) will furnish equations
of motion involving only matter fields which are, of course, the same equations obtained
by solving (4) for fν = fν(ϕ, ϕ
∗) and substituting back in (5). That proves the on shell
equivalence of LM+MCS and LM+SD in the matter sector. Concerning the equations of
motion for fα, notice that this is a gauge field in LM+MCS and its equation of motion will
depend in general on some arbitrary space-time function. We can make this arbitrariness
explicit by noticing that the most general solution to (9) is:
Kν = µ
2∂να = µ
2 (gνβ +mǫνβγ) f
β − eJ (0)ν , (15)
where α(xµ) is an arbitrary space-time function. By choosing α a constant function
we recover equation (4) and the on shell equivalence between LM+SD and LM+MCS is
fully demonstrated for arbitrary coupling U (ϕ, ϕ∗) and generic U(1) matter fields with
arbitrary potential V (ϕ, ϕ∗). In particular, no requirement of minimal coupling was
necessary for the demonstration. For future use we end up this subsection writing down
the full MCS type Lagrangian dual to LM+SD. From (8) we have :
LM+MCS = −
m2
4µ2
Fαβ(A)F
αβ(A) +
m
2
ǫαβγA
α∂βAγ
−
me
µ2
J (0)ν ǫ
ναβ∂αAβ −
e2
2µ2
J (0)ν J
ν (0) + L
U(1)
matter . (16)
As usual, we have renamed fν → Aν . The above highly nonlinear Lagrangian is gauge
invariant (δAν = ∂να) and contains a Pauli and a Thirring like term as in the simpler
case of minimal coupling [16].
2.2 Master Action
The classical equivalence between the free theories LSD and LMCS was proved in [6] using
a master action approach. This was later generalized in [15] for the coupling (minimal)
with fermions. Here we suggest a new master action which interpolates between LM+SD
and LM+MCS for arbitrary U(1) matter. This approach is specially useful when comparing
correlation functions in the quantum theory [13, 19].
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First of all, notice that the first three terms in (16) can be combined such that
LM+MCS = −
µ2
2
(
mǫναβ∂
βAα − eJ (0)ν
µ2
)2
+
m
2
ǫαβγA
α∂βAγ + L
U(1)
matter , (17)
This formula suggests the gauge invariant master Lagrangian:
Lmaster =
µ2
2
f νfν + f
ν
(
mǫναβ∂
βAα − eJ (0)ν
)
+
m
2
ǫαβγA
α∂βAγ + L
U(1)
matter (18)
where µ2 is defined as in (6) and fν is so far an extra non-dynamical auxiliary field. It is
easy to show that the equations of motion from Lmaster are equivalent to the equations of
motion that we get from LM+MCS or LM+SD. Indeed, minimizing Lmaster we have:
ǫγβα∂β(Aα − fα) = 0 (19)
µ2fν = eJ
(0)
ν −mǫνγδ∂
δAγ (20)∫
d3x
(
δL
U(1)
Matter − ef
νδJ (0)ν +
δµ2
2
f νfν
)
= 0 . (21)
From (19) we have Aν = fν + ∂να with arbitrary α. Plugging back in (20) and (21) we
recover exactly the equations of motion of LM+SD. Alternatively, solving (20) for fν and
returning in (21) we obtain the equations of motion of LM+MCS in the matter sector,
while returning in (19) we get exactly the equations of motion for the gauge potential
coming from LM+MCS, namely,
ǫανβ∂β
(
Aν −
eJ (0)ν
µ2
+
m
µ2
ǫνγδ∂
δAγ
)
= 0 , (22)
That completes the proof of on shell equivalence of Lmaster to LM+MCS and LM+SD.
Our master action works for arbitrary U(1) matter with no restrictions on V (ϕ, ϕ∗) and
U (ϕ, ϕ∗). The minimal coupling has not played any role so far. However, there is one
point which deserves to be mentioned. Namely, in the cases of minimal coupling analyzed
in the literature [15, 16] and also for the free SD theory, the equation of motion for the
self-dual field, see (4), leads to ∂νfν = 0 . This is no longer true for the arbitrary coupling
U(ϕ, ϕ∗) . For instance, for scalar fields, where J (0)ν = ı (φ∂νφ
∗ − φ∗∂νφ), we have instead
:
∂ν
{[
m2 + U(φ, φ∗)− 2e2φ∗φ
]
f ν
}
= 0 . (23)
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Only in the case of minimal coupling, which corresponds to U(φ, φ∗) = 2e2φ∗φ, we obtain
the simple relation ∂νf
ν = 0. This is quite surprising because, as we stressed before,
LM+SD is not a gauge theory and we should not expect any special results in the case
of minimal coupling. Even from the point of view of the dual MCS type theory this is
not clear since this theory is much more complicated for U(φ, φ∗) = 2e2φ∗φ than it is for
U(φ, φ∗) = 0. One interesting point concerning the equation ∂νf
ν = 0 is the counting of
degrees of freedom. Since, both free theories LSD and LMCS represent one polarization
state of a massive spin one field and LSD is not a gauge theory like LMCS, it is necessary
to have such equation to balance the counting of degrees of freedom. It plays the same
role in the SD theory of a gauge condition in the MCS one. Regarding our interacting
theories, it is clear that the relation (23) reduces the number of degrees of freedom of fν
by the same amount whatever we choose for U(φ, φ∗) as far as U(φ, φ∗) 6= 2e2φ∗φ −m2.
1 Therefore, to the best we know, there is no mandatory reason to have the relation
∂νf
ν = 0 in the interacting theory.
3 Quantum equivalence
In order to examine under which conditions the LM+SD / LM+MCS duality holds at
quantum level we introduce the partition function :
Z =
∫
DϕDϕ∗Df νDAν e ı
∫
d3x[Lmaster+λ2 (∂
νAν)2] . (24)
Since Lmaster is a gauge theory we have added a gauge fixing term. The gauge field Aν
can be easily integrated over. Using momentum space notation we have:
∫
DAνe
ı
2
∫
d3k
(2pi)3
[A˜µ(k)Oµν A˜ν(−k)+A˜µ(k)Tµ(−k)+A˜µ(k)Tµ(k)]
= C exp−
ı
2
∫ d3k
(2π)3
Tα(k) (O
−1)αβTβ(−k) . (25)
Where C is a numerical factor and 2
Oαβ(k) = ımEαβ + λkαkβ (26)
O−1αβ (k) =
kαkβ
λ k4
+ ı
Eαβ
mk2
(27)
1We are not interested in that special case in this work because we would have a gauge theory governed
by the Chern-Simons term instead of the self-dual theory.
2We use the same notation , without tilde, for the Fourier components fν(k) and the space-time
components fν(x) to avoid confusion with the notation for the dual field (14).
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Tµ(−k) = −ımEµαf
α(−k) (28)
Eµν = ǫµναk
α . (29)
Usually, a gaussian integral like (25) takes us from a local field theory in space-time to a
nonlocal one. Remarkably, thanks to the identity Eµν(O
−1)ναEαβ = (−ı/m)Eµβ we end
up with a local theory which is exactly LM+SD:
Z = C
∫
DϕDϕ∗Df ν eı
∫
d3xLM+SD . (30)
On the other hand, starting from (24) we could have made the translation fν → fν +(
eJ (0)ν −mǫναβ∂
βAα
)
/µ2 leading to the dual partition function:
Z =
∫
DϕDϕ∗Df νDAν eı
∫
d3x[LM+MCS+λ2 (∂νAν)2+Lextra] , (31)
where LM+MCS is given in (16) and
Lextra =
m2 + U(ϕ, ϕ∗)
2
f νfν . (32)
At classical level, Lextra can be dropped since its only role is to produce the equation
of motion fν = 0. This is in agreement with the classical equivalence between LM+SD
and LM+MCS proved in the last section. At quantum level we must distinguish the
general case U(ϕ, ϕ∗) 6= 0 from the case where the self-dual field appears only linearly
coupled with the matter fields U(ϕ, ϕ∗) = 0 . In the first case we have the free propagator
〈fα(k)fβ(−k)〉 =
gαβ
m2
. The vertex 1
2
U(ϕ, ϕ∗)f νfν will then generate new self-interaction
vertices for the matter fields after integration over fν . All those new vertices have a
divergent coefficient (cubic divergence) due to the bad ultraviolet behavior of the fν free
propagator. In fact, the same problem can be seen from the point of view of LM+SD .
There we have the free propagator of the self-dual field:
〈fα(k)fβ(−k)〉M+SD =
gαβ
k2 −m2
+
kαkβ
m2(k2 −m2)
− ı
Eαβ
m(k2 −m2)
. (33)
As k → ∞ the above propagator behaves like a constant, which is a problem already
noticed in [20, 21]. Consequently the vertex 1
2
U(ϕ, ϕ∗)f νfν present in LM+SD will also lead
to nonrenormalizable cubic divergences in the matter sector. Therefore it is not surprising
to have such divergences in the dual MCS type theory. In fact, the bad ultraviolet behavior
of the self-dual propagator is a source of troubles even for U(ϕ, ϕ∗) = 0 where it leads
to power counting nonrenormalizable interactions like the Thirring and the Pauli term.
Hopefully, one can surmount the problems of the linear coupling case U(ϕ, ϕ∗) = 0 by
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introducing extra flavors in the matter sector and using a 1/Nf expansion. At least in
the case of fermionic matter fields there are power counting arguments given in [15] ( see
also [22]) pointing to a 1/Nf renormalizability although, a more detailed analysis and the
extension to other types of matter fields is missing in the literature.
For the more general coupling U(ϕ, ϕ∗) 6= 0 the introduction of extra flavors is not
enough to avoid the infinities generated by Lextra and one might try a more dramatic
change in the original SD theory. It is natural to add second order derivative terms ( see
similar trick in [22] ) in order to improve the ultraviolet behavior of the fν propagator.
On one hand, if we introduce a gauge non-invariant term like (λ/2)(∂νf
ν)2, although the
ultraviolet behavior is certainly improved, we end up with a dual nonlocal MCS type
theory. Basically we have µ2 → µ2 − λ ∂ν∂
ν and therefore 1/(µ2 − λ ∂ν∂
ν) will be the
source of nonlocality in the MCS type theory. On the other hand, we can avoid nonlocality
in the dual MCS theory by adding a gauge invariant extra term like λFµν(f)F
µν(f) but
in this case the ultraviolet behavior of fν will not be improved. In summary, there seems
to be no simple solution to the infinities appearing for U(ϕ, ϕ∗) 6= 0.
At this point we simply abandon the general case and stick to U(ϕ, ϕ∗) = 0 to avoid
the cubic divergences. In this case the integral over fν in (31) produces only a numerical
factor in the partition function :
Z = C˜
∫
DϕDϕ∗DAν eı
∫
d3x[LM+MCS+λ2 (∂
νAν)2] , (34)
Thus, comparing with (30), we conclude that in the special case of linear coupling the
classical equivalence between LM+MCS and LM+SD goes through the partition function.
Likewise, we could have introduced sources for the matter fields in (24) and since no
integration over the matter fields has been done so far, it would be trivial to show that
the normalized matter field correlation functions must be equal in both theories:
〈
ϕa1(x1) · · ·ϕan(xn)ϕ
∗
b1
(y1) · · ·ϕ
∗
bn
(yn)
〉U=0
M+MCS
=
〈
ϕa1(x1) · · ·ϕan(xn)ϕ
∗
b1
(y1) · · ·ϕ
∗
bn
(yn)
〉U=0
M+SD
(35)
Regarding the vector field correlation functions, we introduce two types of sources in (24),
as in the free case [13], and define the generating function:
Z(j, j˜) =
∫
DϕDϕ∗Df νDAν e ı
∫
d3x[Lmaster+λ2 (∂
νAν)2+jαfα+j˜αF˜α(A)] . (36)
Where F˜ν(A) = −(1/m)ǫνβγ∂
γAβ+ eJ (0)ν /m
2. After the translation fα → fα+ j˜α/m
2 and
integration over Aµ we obtain :
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ZM+SD(j, j˜) = C
∫
DϕDϕ∗Df νDAν e
ı
∫
d3x
[
LM+SD+fα(j
α+j˜α)+ j˜
αj˜α
2m2
+ j
αj˜α
m2
]
. (37)
On the other hand, starting from (36) and integrating over fν we derive
ZM+MCS(j, j˜) = C˜
∫
DϕDϕ∗Df νDAν e
ı
∫
d3x
[
LM+MCS+F˜α(A)(j
α+j˜α)− j
αjα
2m2
+λ
2
(∂νAν)2
]
.
(38)
From (37) and (38) we can obtain the correlation functions. For instance, for the non-
connected two and four-point correlation functions we have:
〈fα1(x1)fα2(x2)〉
U=0
M+SD =
〈
F˜α1(x1)F˜α2(x2)
〉U=0
M+MCS
− iδα1α2
δ(x1 − x2)
m2
(39)
〈
4∏
i=1
fαi(xi)
〉U=0
M+SD
=
〈
4∏
i=1
F˜αi(xi) · · ·
〉U=0
M+MCS
+
∑
i 6=j 6=k 6=l
δαiαjδαkαl
2m4
δ(xi − xj)δ(xk − xl)
−
∑
i 6=j 6=k 6=l
i
δαiαj
2m2
δ(xi − xj)
〈
F˜αk(xk)F˜αl(xl)
〉U=0
M+MCS
(40)
Similarly, higher point correlation functions will only differ by contact terms. The final
result is such that the map fν ↔ F˜ν = ǫναβ∂
αAβ/m + e J (0)ν /m
2 holds at quantum level
up to contact terms which vanish for non-coinciding points. Formulas (30),(34),(35),(39)
and (40) are strong indications that the interacting theories LM+MCS and LM+SD are
equivalent also at quantum level. It must be stressed that the above equivalence has
been demonstrated only in the linear coupling case U(ϕ, ϕ∗) = 0 which coincides with
the minimal coupling ∂ν → ∂ν − ıefν only for the case of fermions or complex vector
fields in a first order formulation as in [23]. For the case of charged scalar fields the
minimal coupling prescription requires U(φ, φ∗) = 2e2φ∗φ . Thus, in order to be able to
demonstrate the quantum equivalence we are forced to abandon the minimal coupling for
scalar fields. It is tempting to blame the second order formulation of the scalar fields for
such problems. We have tried to rewrite them as a first order theory along the lines of [23]
with the introduction of auxiliary complex vector fields. However, this has only shifted
the problem from the integral over the self-dual field to the integral over the auxiliary
vector fields which have also a badly behaved propagator.
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4 Conclusion
We have proposed a new master action and proved the on shell equivalence between
the self-dual and a Maxwell Chern-Simons type theory non-minimally coupled to U(1)
charged matter. The demonstration holds for a rather general coupling to the self-dual
field and it does not depend on details of the matter sector.
At the quantum level, we have been able to prove the equivalence between the dual
models only in the linear coupling case. It is also in this case that we have a true Maxwell
Chern-Simons theory on the dual side. For a general coupling an awkward extra term must
be added to the MCS type theory. Although this term is on shell ineffective it gives rise
to nonrenormalizable infinities in the quantum theory. The origin of this problem is the
fact that the self-dual field behaves like a non-dynamical field (delta function propagator)
for short distances. Usually, interaction vertices contain only one line of a non-dynamical
field ( linear coupling ), like in the Thirring model, where the quartic interaction can be
produced by Gaussian integrating over a non-dynamical vector field linearly coupled with
the U(1) fermionic current. If we have double lines of non-dynamical fields in the same
vertex, like in U(ϕ, ϕ∗)f νfν , the integration over such fields will in general lead to severe
infinities due to loops containing only non-dynamical fields internal lines. In summary,
we should avoid quadratic ( and higher ) couplings in the self-dual field.
Finally, the remarks made here might be useful for the coupling with U(1) matter of
generalizations of the self dual model, which has been recently investigated in [17, 18], as
well as for the nonabelian version of the SD/MCS duality which is under debate in the
literature [14] . The nonabelian SD model is a truly interacting theory where the self-dual
field has also a bad ultraviolet behavior.
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